In this paper we provide a combinatorial description of the coefficients appearing in the expansion of Hall-Littlewood polynomials in terms of monomial symmetric functions. We also give a LittlewoodRichardson rule for Hall-Littlewood polynomials. For proving this we use galleries to calculate Satake coefficients and structure constants of spherical Hecke algebras with arbitrary parameters.
Introduction
Let Φ = (X, φ, X ∨ , φ ∨ ) be a reduced root datum with Weyl group W . Let V = X ⊗ R and V * ∼ = X ∨ ⊗ R such that the pairing ·, · : V × V * → R is induced from the perfect pairing between X and X ∨ , which will be denoted the same way. Choose simple roots ∆ = {α 1 , . . . , α l } and denote by φ + the positive roots with respect to ∆. Let X ∨ + = {x ∈ X ∨ | α, x ≥ 0 ∀α ∈ φ + } be the dominant cone. There is a natural action of W on the group algebra Z[X ∨ ]. The algebra of symmetric polynomials Λ is the algebra of invariants under this action. It is closely related to the representation theory of complex algebraic groups.
Let G ∨ be a complex reductive linear algebraic group with Borel subgroup B ∨ and maximal torus T ∨ such that the associated root datum is the dual of Φ. Assigning to a finite dimensional representation of G ∨ its T ∨ -character yields an isomorphism from the representation ring of G ∨ to Λ. For λ ∈ X ∨ + the Schur polynomial s λ is the character of the irreducible highest weight module V (λ) with highest weight λ. The Schur polynomials {s λ } λ∈X ∨ + are a basis of Λ. The Kostka number k λµ for λ, µ ∈ X ∨ + is the weight multiplicity of µ in V (λ), i.e. the dimension of the µ-weight space V (λ) µ . The Littlewood-Richardson coefficient c ν λµ for λ, µ, ν ∈ X ∨ + is the multiplicity of V (ν) in V (λ) ⊗ V (µ).
Combinatorially the k λµ and the c ν λµ can be defined as follows: For λ ∈ X ∨ + define the monomial symmetric function m λ = µ∈W λ x µ where for µ ∈ X ∨ we denote the corresponding basis element of Z[X ∨ ] by x µ . Then {m λ } λ∈X ∨ + is a basis of Λ and the Kostka numbers are the entries of the transition matrix from the m µ to the s λ , i.e. we have s λ = µ∈X ∨ + k λµ m µ . The Littlewood-Richardson coefficients are the structure constants of Λ with respect to the Schur polynomials, i.e. s λ s µ = ν∈X ∨ + c ν λµ s ν . One of the main problems of combinatorial representation theory was to give combinatorial formulae for the k λµ and the c ν λµ . One of the solutions is Littelmann's path model in [Lit94] . In [GL05] S. Gaussent and P. Littelmann introduced the gallery model and showed that it is equivalent to the path model. They express the k λµ and the c ν λµ as the number of certain galleries. In this paper we give analogs of these combinatorial formulae for some q-analog of Schur polynomials, the so called Hall-Littlewood polynomials. We describe the transition matrix from monomial symmetric functions to Hall-Littlewood polynomials and we calculate products of Hall-Littlewood polynomials. Specializing q in these formulae we get a new proof for the above mentioned formulae for Schur polynomials in terms of galleries.
The Hall-Littlewood polynomials {P λ (q −1 )} λ∈X ∨ + are a basis for
+ the definition of P λ (q −1 ) is
Here W λ ⊂ W is the stabilizer of λ and W λ (t) = w∈W λ t l(w) where l : W → N is the usual length function. The Hall-Littlewood polynomials are q-analogs of the Schur polynomials in the sense that P λ (0) = s λ . Moreover, we have P λ (1) = m λ . For these and other properties of the P λ (q −1 ) see the article [NR03] of K. Nelsen and A. Ram. Define Laurent polynomials L λµ for λ, µ ∈ X ∨ + by
where ρ := 1 2 α∈φ + α. By definition we have q − ρ,λ+µ L λµ ∈ Z[q −1 ]. Moreover, since P λ (0) = s λ , the constant term of q − ρ,λ+µ L λµ is k λµ . So a combinatorial description of the L λµ yields a combinatorial description of the k λµ . For non-dominant µ ∈ X ∨ we define L λµ = q ρ,µ−µ + L λµ + , where µ + ∈ X ∨ + is the unique dominant element in the W -orbit of µ. In section 4 we introduce galleries and a monic polynomial L σ for each positively folded gallery σ. We prove in section 5:
where the sum is over all positively folded galleries σ of type t λ and weight µ such that w 0 ι(σ)w λ ∈ W λ .
From this we get a description of the k λµ in terms of galleries by evaluation at q −1 = 0. We introduce LS-galleries (roughly speaking these are the galleries which survive the specialization q −1 = 0) and get Corollary 1.2. For λ, µ ∈ X ∨ + the Kostka number k λµ is the number of LS-galleries of type t λ and weight µ.
In section 4 we also introduce a second monic polynomial C σ for each gallery σ which is closely related to L σ . We prove that with this statistic one can calculate the structure constants of L[X ∨ ] W with respect to the Hall-Littlewood polynomials. More precisely, define C ν λµ for λ, µ, ν ∈ X ∨ + by
We have In [KM04] a similar formula for C ν λµ with some restrictions on λ, µ, ν was given by M. Kapovic and J. Millson using geodesic triangles in some Euclidean building associated to the situation. For q −1 = 0 theorem 1.3 yields a Littlewood-Richardson rule in terms of galleries.
is the number of LS-galleries σ of type t µ and weight ν − λ such that the translated gallery λ + σ is contained in the dominant chamber.
The combinatorial descriptions in the corollaries 1.2 and 1.4 are more or less the same as the above mentioned descriptions in [GL05] . But our proof is quite different and does not use the combinatorial results stated there.
For proving theorems 1.1 and 1.3 we use the Satake isomorphism to identify Z[q ± 1 2 ][X ∨ ] W with the spherical Hecke algebra with equal parameters associated to Φ. Under this isomorphism, Hall-Littlewood polynomials correspond (up to some factor) to Macdonald polynomials and the monomial symmetric functions correspond to the monomial basis of the spherical Hecke algebra (see remark 3.2). So the above theorems can be proven in the spherical Hecke algebra. This is done in sections 3 to 6 in the slightly more general setting of spherical Hecke algebras with arbitrary parameters. There we calculate Satake coefficients, i.e. the entries of the transition matrix from the monomial basis to the Macdonald basis, and the structure constants of the spherical Hecke algebra with respect to the Macdonald basis. Setting all parameters equal yields theorems 1.1 and 1.3. For doing this we define a basis of the affine Hecke algebra indexed by generalized alcoves and show that right multiplication of this alcove basis by elements of the standard basis can be calculated using galleries. Now take the spherical Hecke algebra with coefficients in C such that all parameters are powers of a fixed prime p. Our description of the L λµ implies (compare corollary 4.9 and the paragraph before it) that L λµ > 0 for λ, µ ∈ X ∨ + with µ ≤ λ. Here "≤" denotes the standard partial ordering on X ∨ , i.e. µ ≤ λ iff λ − µ ∈ Q ∨ + where Q ∨ ⊂ X ∨ is the group generated by φ ∨ and Q ∨ + ⊂ Q ∨ is the dominant cone. This gives a combinatorial proof of a positivity result of M. Rapoport in [Rap00] .
In section 7 we compute the transition matrix between the alcove basis and the standard basis. This yields a q-analog of a commutation formula of H. Pittie and A. Ram ([PR99] ) in terms of galleries.
In section 8 we give a geometric interpretation of the coefficients L λµ for λ, µ ∈ Q ∨ + . Therefore we use results of Y. Billig and M. Dyer in [BD94] on certain intersections in the affine flag variety. Alternatively one could lift the methods of [GL05] from the affine Grassmanian to the affine flag variety to obtain the same results. Fix a prime power q and let F q be the finite field with q elements. Let K be the algebraic closure of F q . Let G be a semisimple, simply connected algebraic group over K with roots φ corresponding to some choice of a Borel B ⊂ G and a maximal torus T ⊂ B. Let U − denote the unipotent radical of the opposite Borel of B. Assume that all groups are defined and split over F q .
Let K q = F q ((t)) be the field of Laurent series and denote by O q = F q [[t]] the ring of power series. The affine Grassmanian over F q is the quotient
We have two decompositions of X q by orbits: The first is the Bruhat decomposition
The connection between combinatorics and geometry is given by the geometric realization of the affine Hecke algebra specialized at q as the algebra of functions invariant under the Iwahori subgroup with finite support on the affine flag variety over F q . Considering H a as a right H a -module it can also be interpreted as the H a -module of U (K q )-invariant functions on the affine flag variety. In this setting the alcove basis corresponds to characteristic functions on U (K q )-orbits.
In [Ion04] B. Ion showed more generally the following: If the spherical Hecke algebra is the Hecke algebra of a reductive group over a local field with respect to a maximal compact subgroup then the Satake coefficients are the volume of certain orbit intersections in the corresponding quotient. This suggests that the building theoretic methods of [GL05] can be extended to this case.
T. Haines gave a geometric interpretation of the C ν λµ in [Hai03] . Using the methods of [GL05] in this situation should yield a geometric proof of theorem 1.3.
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Affine Weyl group and alcoves
The affine Weyl group is defined as the semidirect product W a = W ⋉ Q ∨ . It acts on V * by affine transformations. For λ ∈ Q ∨ denote by t λ ∈ W a the associated translation. The affine Weyl group is generated by its affine reflections. Let H a be the union of all reflection hyperplanes of reflections in W a . Then H a = α∈φ + ,m∈Z H α,m , where The action of W a on A is free and transitive. The fundamental alcove A f = {x ∈ V * |0 ≤ α, x ≤ 1 ∀α ∈ φ + } ∈ A is a fundamental domain for this action.
From this we get a bijection W a → A, w → A w := wA f . One also writes λ + A for the alcove t λ A where λ ∈ Q ∨ and A ∈ A.
A face F of an alcove A is an intersection F = A ∩ H such that H ⊂ H a is a reflection hyperplane and F aff = H. Here F aff is the affine subspace spanned by F . A wall of A is some hyperplane H ⊂ H a such that H ∩ A is a face of A. The group W a is generated by the reflections S a at the walls of A f . One has S a = S ∪ {s 01 , . . . , s 0c }, where S = {s 1 , . . . , s l } is the set of simple reflections of W and s 0k is the affine reflection at H θ k ,1 . Here {θ k | k = 1, . . . , c} ⊂ φ is the set of maximal roots with respect to "≤", so c is the number of irreducible components of the Dynkin diagram of Φ. Moreover, (W a , S a ) is a Coxeter system. Let F be a face of A f . The type of F is the reflection at F aff . Extend this definition to all faces by demanding that the W a -action preserves types.
Right multiplication of W a induces an action of W a on A from the right. For A ∈ A and s ∈ S a the alcove As is the unique alcove not equal to A having a common face of type s with A. Let F s ⊂ A be the face of type s and F s aff = H α,m for some α ∈ φ + and m ∈ Z. Call A negative (positive) with respect to s if A is contained in H − α,m (respectively H + α,m ). Notation: A ≺ As.
Example 2.1.
• For A w in the interior of the dominant chamber we have A w ≺ A ws iff w < ws, where "≤" is the Bruhat-Chevalley order on W a .
• Let w ∈ W and s ∈ S. We have A w ≺ A ws iff w > ws.
There is also a natural action of the extended affine Weyl groupW a := W ⋉ X ∨ on A. Extending the above notation write t µ for the translation by µ ∈ X ∨ . This action is no longer free and type preserving. The stabilizer Ω of A f is isomorphic to X ∨ /Q ∨ . The isomorphism is given by sending g ∈ Ω to the class of g(0). So a set of representatives is given by X ∨ ∩ A f . We haveW a = Ω ⋉ W a and every element v ∈W a can be written as v = wg for unique w ∈ W a and g ∈ Ω. AlthoughW a is no longer a Coxeter group, we can extend the definition of the length function by setting l(v) = l(w). So multiplication by elements of Ω does not change the length.
Take an alcove A ∈ A. Then some conjugate of Ω acts transitively on A ∩ X ∨ and this intersection is in natural bijection to X ∨ /Q ∨ . So if we defineÃ = {(A, µ) ∈ A × X ∨ | µ ∈ A} = A × Ω then there is a natural freẽ W a -action onÃ. In the same way as above we also get a rightW a -action oñ A where Ω acts only on the second factor. The action of W a onÃ changes just the first factor but depends also on the second. The definitions of face and type of a face carry over to this situation by demanding thatW a acts type preserving. The elements ofÃ are called generalized alcoves. Every generalized alcove is of the form µ + A w for unique µ ∈ X ∨ and w ∈ W . Denote this by µ(A) := µ and w(A) := w.
Affine Hecke algebra
Details on the affine Hecke algebra of a root datum with unequal parameters can be found in G. Lusztig's article [Lus89] .
For defining the affine Hecke algebra we first have to fix parameters. Let
For a subset H ⊂ W define H(q) = w∈H q w and H(q −1 ) = w∈H q −1 w . The affine Hecke algebraH a associated to the root datum Φ and the above choice of d is a L-algebra defined as follows: As a L-module it is free with basis {T w } w∈W a and multiplication is given by
•
OnH a there is a natural Z-algebra involution · :H a →H a . It is given by
Clearly q µ is independent of the particular choice of λ, λ ′ because of the additivity of the length function on
t λ ′ where as above µ = λ − λ ′ with λ, λ ′ ∈ X ∨ + . By the same reason as above X µ does not depend on the choice of λ and λ ′ . In particular we have
and the image of L[X ∨ ] W is the center ofH a . We identify L[X ∨ ] with its image. Define 1 0 = w∈W T w ∈H a . We have T w 1 0 = q w 1 0 for w ∈ W and 1 2 0 = W 0 (q)1 0 . The spherical Hecke algebra H sph is defined by
It is commutative with basis given by the Macdonald spherical functions
and w λ ∈ t λ W is the element of minimal length. One obtains an isomorphism (Satake)
In particular, we have 
For arbitrary µ ∈ X ∨ and dominant λ ∈ X ∨ + we set L λµ = q µ−µ + L λµ + where µ + is the unique dominant element in the W -orbit of µ.
We also calculate the structure constants of the spherical Hecke algebra with respect to Macdonald polynomials. For this, (re)define {C ν λµ } λ,µ,ν∈X ∨ + as modified structure constants by
In the next chapter we give a description of the L λµ and the C ν λµ using galleries. [NR03] ) that the image of P λ under the Satake isomorphism is q 
Galleries
In this chapter we introduce galleries and some polynomials attached to them and give a precise meaning to the theorems of the introduction in the general setting of the last section.
Definition 4.1. Let t = (t 1 , . . . , t k ) with t i ∈ S a ∪ Ω.
• A gallery σ of type t connecting the generalized alcoves A and B is a sequence (A = A 0 , . . . , B = A k ) of generalized alcoves such that
In the case of t i+1 ∈ S a this means that A i and A i+1 have a common face of type t i+1 .
• The initial direction ι(σ) is defined to be w(A 0 ). The weight wt(σ) of σ is µ(A k ) and the final direction ε(σ) is w(A k ).
• The gallery σ is said to be positive at i if t i+1 ∈ S a , A i+1 = A i t i+1 and A i is negative with respect to t i+1 , i.e. A i ≺ A i+1 .
• The gallery σ is folded at i if t i+1 ∈ S a and A i+1 = A i . • A gallery is said to be minimal if it is of minimal length among all galleries connecting the same generalized alcoves.
For the precise statement on the L λµ and the C ν λµ we need some statistics on galleries. Let C = {x ∈ V * | α, x ≥ 0 ∀α ∈ φ + } be the dominant Weyl chamber. (q s − 1) ns(σ) and
In particular, we have L σ = C σ if σ does not touch the walls of C.
Fix some type t = (t 1 , . . . , t k ). For A ∈Ã and µ ∈ X ∨ let Γ 
So there is an additional contribution measuring the distance from −A f to the initial alcove. 
Remark 4.4. Let w ∈ W a . The choice of a minimal gallery σ connecting A f and A w is equivalent to the choice of a reduced expression for w. Let t = (t 1 , . . . , t k ) be the type of σ. Then we have the reduced expression w = t 1 · . . . · t k . Now we can give the formula for the L λµ . Let λ ∈ X ∨ + and w λ be the element of minimal length in the right coset t λ W . Let σ λ be a minimal gallery of type t λ connecting A f and A w λ . Using the last definition we get polynomials L t λ (µ) for all µ ∈ X ∨ . Up to some factor these are the L λµ . More precisely we prove in section 5:
Furthermore,
where W λ is the set of minimal representatives of W/W λ and w λ ∈ W λ is the element of maximal length. In particular the L t λ (µ) do not depend on the choice of σ λ and (σ) ) ≤ ρ, wt(σ)+λ +l(w λ ) for all σ ∈ Γ + t λ with w 0 ι(σ)w λ ∈ W λ . The galleries with maximal degree are of special interest. According to [GL05] we define
Since all L σ are monic we get the following corollary by evaluating the second statement of the last theorem at q −1 = 0 which answers the above question and proves corollary 1.2.
Corollary 4.8. The number of LS-galleries in
Now we consider the case of a spherical Hecke algebra associated to a reductive group over a local field, i.e we are in the situation of remark 3.1. In this case all q w and q µ are positive real numbers. Therefore also L σ > 0 and we get as a corollary a new proof of a theorem of M. Rapoport in [Rap00]:
Corollary 4.9. Let λ, µ ∈ X ∨ + such that µ ≤ λ. Then L λµ > 0. Let λ ∈ X ∨ + and t be any type. Define Γ d t,λ as the set of all positively folded galleries of type t starting in λ contained in the dominant chamber. For ν ∈ X ∨ + let Γ d t,λ (ν) ⊂ Γ d t,λ be the subset of galleries ending in ν. Define
Now let λ, µ ∈ X ∨ + and let t µ be the type of a minimal gallery connecting A f and A w µ where w µ ∈ t µ W is the minimal representative in t µ W . The above definition yields C λt µ (ν) for any ν ∈ X ∨ + . In section 6 we prove:
In particular, the C λt µ (ν) do not depend on the choice of the minimal gallery. Now one may ask if it is possible to impose easy conditions on the initial directions as in theorem 4.5 to obtain nicer formulas. This seems not to be possible. But the careful analysis after the proof of the theorem allows to describe the galleries contributing at q −1 = 0 and thus proves corollary 1.4. 
Satake coefficients
For determining the coefficients L λµ using galleries we look at the right multiplication ofH a on a certain basis parameterized by generalized alcoves.
It is a well known fact that the set {X A } A∈Ã is a basis of H a . Before we proceed, we need some simple properties of this basis. First let λ ∈ X ∨ and A ∈Ã. One easily calculates
(5.1)
Now assume A = A v to be dominant such that λ := µ(A) is regular. Then t λ is of maximal length in t λ W and l(v) + l(w(A) −1 ) = l(t λ ). So we get T t λ T w(A) = T t λ w(A) = T v and thus
Multiplying the elements of the alcove basis with T s from the right can be expressed in terms of the alcove order. It is a q-analog of theW a -action onÃ.
Lemma 5.2. Let A ∈Ã. InH a we have
Proof. The assertion is invariant under translation, i.e. under left multiplication with some X µ by (5.1). So it is enough to show it for alcoves A = A v such that µ(A) − α ∨ is dominant and regular for all α ∈ φ. By (5.2) we have X A = q −1 v T v and so
But in the dominant chamber increasing in the alcove order is equivalent to increasing the length. Moreover, by the choice of A we get X As = q −1 vs T vs as elements inH a again by (5.2) and the assertion follows.
Using the same arguments and the fact that multiplying by T g for g ∈ Ω does not change the length we get Lemma 5.4. Let t = (t 1 , . . . , t k ), s ∈ S a , t ′ = (t 1 , . . . , t k , s), and fix generalized alcoves A and B. We have
Proof. Let σ ′ = (A, . . . , C, Bs) ∈ Γ + t ′ (A, Bs). Then C ∈ {B, Bs}. If C = B the gallery σ ′ is folded at k + 1. Let σ = (A, . . . , C) and distinguish two cases: B ≻ Bs: We must have C = B and σ ′ is negative at k + 1.
The lemma follows. Now let v ∈W a and σ be a minimal gallery of type t connecting A f and A v .
Theorem 5.5. Given A ∈Ã one has
Proof. Because of lemma 5.3 and since the L are not affected by elements of Ω in the type it is enough to show the theorem for v ∈ W a . The proof is done by induction on l(v). v = s ∈ S a : Distinguish two cases. A ≺ As: In this case L (s) (A, A) = 0, L (s) (A, As) = q s and L (s) (A, B) = 0 for all other B and X A T s = q s X As . A ≻ As: In this case L (s) (A, A) = q s −1, L (s) (A, As) = 1 and L (s) (A, B) = 0 for all other B and X A T s = X As + (q s − 1)X A . Now let v ∈ W a , s ∈ S a such that l(v) < l(vs) and σ ′ = (A 0 , . . . , A v , A vs ) is a minimal gallery of type t ′ . Using the last lemma we get
In particular we have that L t (A, B) does not depend on σ and t but only on v. So we define
With these results we can now prove proposition 4.5. Another application of this theorem will be given in section 7.
Lemma 5.6. For λ ∈ X ∨ + we have
Proof. We use the last theorem and the facts that 1 0 = q −1 w 0 1 0 and T w 1 0 = q −1 w 1 0 for all w ∈ W .
From this we get
But on the other hand we have
Comparing coefficients of these two expansions we get
which proves the first statement in 4.5. The second statement follows quite easily as follows: Since every w ∈ W can be written as w = w 1 w 2 for unique w 1 ∈ W λ and w 2 ∈ W λ with l(w) = l(w 1 ) + l(w 2 ) we get (using T v T w = T vw for v, w ∈ W with l(v)−l(w) = l(vw) and T w λ w∈W λ T w = q w λ w∈W λ T w )
Thus we get
Now the second statement follows the same way as in the proof of lemma 5.6.
Remark 5.7. Of course we can replace w λ by any w ∈ W λ in the last paragraph and get the general formula 
In the case of equal parameters we get for any gallery
Under the hypotheses of theorem 5.5 we get
If one definesL
we also can express the L λµ with negatively folded galleries. For this observe that left multiplication by w 0 onÃ induces a type preserving bijection φ : Γ + → Γ − . Obviously we haveL φ(σ) = L σ and ι(φ(σ)) = w 0 ι(σ). In particular, we get for each type t the equality L t (µ) =L t (w 0 (µ)). Combining this with the semi-invariance of the L λµ with respect to µ we get
which gives an expression of L λµ in terms of negatively folded galleries by the definition ofL t λ (µ).
Structure constants
In this section we calculate the structure constants of the spherical Hecke algebra with respect to Macdonald polynomials and thus prove proposition 4.10. For doing this we need some preparation. To simplify notation we define S µ := q −1 µ 1 0 X µ 1 0 for µ ∈ X ∨ . For a generalized alcove A and a type t define Γ + t,A as the set of all positively folded galleries of type t with initial alcove A.
Lemma 6.1. Let A = µ + A w be a dominant generalized alcove such that As is no longer dominant. Let H α i ,0 be the hyperplane separating A and As.
Then we have X
Proof. We have s i A = As and q s i = q s . Distinguish two cases: If s = s 0k we have α i , µ = 1 and s i (µ) = µ − α ∨ i . But on the other hand we have As = (µ + w(θ ∨ k )) + A ws θ and so w(θ ∨ k ) = −α ∨ i . In particular, s i w < w. From [Lus89, lemma 2.7(d) and proposition 3.6] we get q i = q α i in this case
Together with s i w < w this yields
where the last equality follows from A ≻ As. If s = s j we have s i (µ) = µ and w −1 (α i ) = α j . So here s i w > w. Using T s i X µ = X µ T s i one obtains the desired equality as above.
We keep the notation of the last lemma. For v ∈W a we have
Now let t by the type of a minimal gallery connecting A f and A v . From theorem 5.5 we get
This yields
Setting t ′ = (s, t) we obtain by the same arguments
So we get the following Lemma 6.2. Let t be any type and let A be a dominant generalized alcove such that As is no longer dominant. Setting t ′ = (s, t) we have
Now let λ ∈ X ∨ + . Then A := λ + A w is dominant iff w −1 ∈ W λ . Let w −1 ∈ W λ and v ∈ W λ . Then we get
So for any x ∈W a we get the equality
By the same arguments as above this yields the Lemma 6.3. Let λ ∈ X ∨ + , w −1 ∈ W λ and v ∈ W λ . Let A = λ + A w . For any type t we have
We want to connect this with the multiplication of the S λ . So let λ, µ ∈ X ∨ + . Denote by w µ the longest element in W µ . By lemma 5.6 and since 1 0 X γ 1 0 = q −1 γ q wγw 0 1 0 T w γ 1 0 for any γ ∈ X ∨ + (where w γ ∈ W γ of maximal length and w γ ∈ t γ W of minimal length) we have
Let t µ be the type of a minimal gallery connecting A f and A w µ where w µ ∈ t µ W is the minimal representative. Define Γ + t µ ,λ as the set of all positively folded galleries of type t µ starting in λ. Then the last equation can be rewritten as
(6.1)
So we have an expansion for the product in terms of S ν for ν ∈ X ∨ . But we need the expansion in terms of S µ for dominant µ to compute the structure constants.
Theorem 6.4. For λ, µ ∈ X ∨ + we have
In particular, C λt µ (ν) does not depend on t µ .
Proof. For the proof of this theorem we use lemmas 6.2 and 6.3 to show that the contribution of the galleries with non-dominant weights in the formula (6.1) is exactly the contribution of the p s . First assume λ is regular. Then the first alcove of every gallery starting in λ is dominant. Let η ∈ Γ + t µ ,λ be a gallery leaving the dominant chamber. Let γ be the maximal initial subgallery of η contained in C and let A be the ending alcove of γ. Then η is not folded after A and the next alcove in η is of the form As for some s ∈ S a . Denote by Γ + γ ⊂ Γ + t µ ,λ the set of galleries having γ as beginning. By lemma 6.2 we have that
So the contribution of all galleries starting with γ is the same as the contribution of the galleries starting with γ and staying in C at A, if the contribution of the folding at A is q s instead of q s −1. Repeatedly applying this procedure eventually yields
and thus
which is not as nice as one would like to have. But the last equation can be evaluated at q −1 = 0 as follows: We know that
So there is a contribution of a gallery σ at q −1 = 0 iff deg C σ is maximal and W ι(σ)
. But the last condition is is equivalent to w 0 ι(σ)w µ ∈ W µ . So there is a contribution of σ at q −1 = 0 iff the translated gallery −λ + σ ∈ Γ + t µ (wt(σ) − λ) is a LS-gallery. This proves corollary 1.4.
Commutation formula
Here we give two other applications of theorem 5.5. The first is a nice combinatorial description of the base change matrix between the standard basis {T w } w∈W a and the basis {X λ T w } µ∈X ∨ ,w∈W .
Corollary 7.1. Let v ∈W a and fix some minimal gallery of type t connecting A f and A v . Then
Specializing further set T v = T w T t λ for λ ∈ X ∨ + . Then we have T w T t λ = T wt λ because l(wt λ ) = l(w) + l(t λ ). We get
Now let w ∈ W λ and let w λ ∈ W λ be the element of maximal length. Then l(ww λ ) = l(w) + l(w λ ) and thus T ww λ = T w T w λ . We also have t λ w λ = w λ w 0 and l(t λ ) + l(w λ ) = l(w λ ) + l(w 0 ). Since T w λ X λ = X λ T w λ we have
Since T w T w 0 = T ww 0 we get from ( * ) a q-analog of a commutation formula in the nil-affine Hecke algebra of H. Pittie and A. Ram in [PR99] .
Corollary 7.2. For λ ∈ X ∨ and w ∈ W λ we have
Geometric interpretation
In this section we prove theorem 1.5 and thus give a geometrical interpretation of the L t λ (µ) and of the L λµ for λ, µ ∈ Q ∨ + . To simplify notation we use negatively folded galleries as in remark 5.9. We regard the affine Hecke algebra H a specialized at some prime power q and all polynomials evaluated at q.
Details of the following constructions and their relation to affine KacMoody algebras can be found in S. Kumar's book [Kum02] . We use the notation from the introduction. Let K = K((t)) be the field of Laurent series and denote by O = K[[t]] ⊂ K the ring of formal power series. The evaluation at 0 induces a map ev : O → K, t → 0. This induces a morphism of groups ev : G(O) → G. Define B = ev −1 (B). Further we set G = G(K) and let N ⊂ G be the normalizer of T in G. Then (G, B, N , T ) is a Tits system with Weyl group W a . The affine flag variety G/B is the set of closed points of an ind-variety defined over F q such that the Bruhat cells Bw · B for w ∈ W a are isomorphic to affine spaces of dimension l(w). The F q -rational points of G/B are given by G q /B q . For all α ∈ φ and n ∈ N one gets a root subgroup U α,n of G together with an isomorphism from the additive group u α,n : G a → U α,n . From the theory of Tits system one has a Bruhat decomposition G = w∈W a U w wB with U w isomorphic to A 
More precisely for w ≻ ws (where
Now we can connect these geometric results to the combinatorics. Since in the geometric setting we work only with the affine Weyl group instead of the extended affine Weyl group, we regard alcoves instead of generalized alcoves and allow only elements of S a in the definition of type of a gallery.
Let w ∈ W a and let σ be a minimal gallery of type t = (t 1 , . . . , t k ) which connects A f and A w . Define a map η : U w → Γ − t by η(u) = (A f , A w 1 , . . . , A w k ) iff ut 1 · . . . · t j ∈ U (K)w j B for j ∈ {1, . . . , k}. It follows from (8.1) that η is well defined. The connection of our combinatorics with geometry is given by 
The last equalities follows from the analog of the second statement in lemma 5.6 for negatively folded galleries. In the same way as above we define the intersection X It is well known that the affine Hecke algebra for specialized q can be interpreted as the algebra of B-invariant functions with finite support on the affine flag variety with the convolution product (see [IM65] ). Using the second part of theorem 8.1 one can in an analog way interpret the U (K)-invariant functions as a module over the Hecke algebra which is a free H a -module of rank 1. It can be identified with H a using the alcove basis.
Let F = {f : X → Z} and define H ⊂ F as the subset of B q -(left)-invariant functions with finite support. There is a natural action of H on F by right convolution. More precisely (f * h)(x · B q ) = y∈Gq/Bq f (y)h(y −1 x) for all f ∈ F and h ∈ H. Restricting this action yields an algebra structure on H. Then it is known that H is isomorphic to the affine Hecke algebra specialized at q. Under this isomorphism the generator T w correspondends to the characteristic function on B q w · B q . Thus F gets a right H a -module.
Let t w ∈ F be the characteristic function on U (K q )w·B q (which in general does not have finite support) and let M ⊂ F be the subspace spanned by all t w . Let s = s i ∈ S. In the same way as one uses the Bruhat decomposition for calculating the structure constants of H one now can use the second part of theorem 8.1 to show that M is closed under the right H a -operation and that t w * T s = t ws if w ≺ ws qt ws + (q − 1)t w if w ≻ ws. is an isomorphism of right H a -modules.
